Introduction
Spatial distribution and movement of proteins play essential functional roles in signalling pathways of biological systems. On a cellular level such dynamic and stimulus-dependent localization patterns involve and comprise distinct but connected compartments like the cytosol and nucleus. In some prominent cases, sub-compartmental pools of proteins, both within the cytosol and nucleus, can be distinguished and addressed visually by microscopic techniques (for example, see figures 1(A) and (B) or the examples within [1, 2] ). The formation of so-called nuclear bodies (NBs), in particular, is thought to be crucial for transcriptional regulation and chromatin dynamics, as has been observed in both mammalian and plant cells [1, 3] . However, how such large structures within the nuclei of cells (in some cases observed to be between 1 and 2 μm [4] ) form spontaneously is currently an open question, particularly in plants.
A classic observation of NBs comes from investigations into the functions of photoreceptors in the model plant Arabidopsis thaliana. Across evolution, several classes of photosensory proteins arose covering a wavelength range from around 280 nm to 760 nm. Among these families, the most prominent photoreceptors are UVR-8 that senses UV-B radiation [5] , the blue light-detecting cryptochromes (crys) [6, 7] and phototropins [8] , and phytochromes (phys) that mainly act under red and far-red irradiation [9] . Photoreceptors change conformation upon being activated by specific wavelengths of light and are subsequently transported to the nucleus where they form NBs, also sometimes referred to as spots or speckles. Notably, cryptochrome 2 (cry2) and two members of the phytochrome family, the light-labile phytochrome A (phyA) and light-stable phytochrome B (phyB), have been shown to form NBs when exposed to the required activating light conditions [10] [11] [12] [13] [14] [15] [16] .
Here we shall specifically focus on the formation of NBs by phyB and hence we now give some further relevant details of the processes involved. phyB photoreceptors are present in vivo as dimers. Upon irradiation by red light of wavelength 667 nm, they switch from their inactive conformational state (denoted as P r ) to their active conformational state (denoted as P fr ). The reverse transition occurs in darkness via thermal relaxation and also if the phyB dimers are exposed to far-red light of wavelength 730 nm (for a review, see [9] ). Hence the steady-state ratio of active molecules within the molecular population is dependent on the spectral composition of the incident light [17, 18] . The active form of phyB is subsequently transported to the nucleus where it leads to the formation of NBs (see figure 1(C) for an illustration).
There are at least two different types of light-mediated NBs which have been described, often referred to as early and late NBs. Early NBs are transient and small complexes which emerge within seconds after P fr formation. These structures depend on and contain the bHLH transcription factor PHYTOCHROME INTERACTING FACTOR 3 (PIF3). These early NBs are essential to control the abundance of the signalling component PIF3 due to physical interaction with phyB P fr that results in phosporylation and proteasomal degradation of the transcription factor [19, 20] . The second type of nuclear body called late NBs are stable and start to form after an hour of continuous irradiation (figure 1) [10, 13, 21] . The molecular function of the late and bigger phyB NBs in signalling is far from being well understood although a number of hypotheses have been put forward [22, 23] . Crucially, though, the formation of phyB-containing nuclear structures has been shown to be important for regulation of stem elongation [24, 25] .
In this study, we investigate the formation of the late phyB NBs. In particular, we aim to answer the question whether the large phyB NBs can be formed by simple protein binding, i.e. how likely is it that the large NBs are mere phytochrome aggregations resulting from binding one phyB after the other? We combine experimentally-obtained data detailing the size and number of these bodies with data from the literature and mathematical modelling. Based on our theor etical analysis, we discuss the requirements for the assembly and formation of phyB NBs. Although we focus on the case of phyB within Arabidopsis thaliana cells, we believe our results are generalisable to other photoreceptor systems that form NBs. Crucially, our analysis suggests that NB formation does not happen through simple diffusive protein-protein interactions, leading us to conclude that other processes lie behind the appearance of NBs.
Experimental measurements
In order to gain insight into the NB formation process, we measured the distributions of NB size and number per cell. To this end, we used 4 d old phyB:GFP/ phyAphyB Arabidopsis thaliana seedlings. After germination, seedlings were transferred to glass slides and optical sections were collected under continuous red light irradiation by confocal microscopy. Images were exported and analyzed with ImageJ 1.41o software by creating Z-Projection of the 3D data stacks and determining the particle cross-sectional area after image processing. For more information about growth conditions and image acquisition see the appendix. The obtained images are consistent with NBs of approximately spherical shape. From the measured cross-sections we hence obtained the corresponding volume of each NB. Further, we counted the number of phyB NBs in each cell. In total we measured 1074 NBs from 175 nuclei.
The resulting size and number distributions are shown in figure 2. From these distributions one can calculate some basic averaged quantities: the mean number of NBs in a nucleus is approximatively 6 and ). These averages however are not the whole story. In particular it is plausible that the shapes of the distributions in figure 2 reflect key information regarding the nature of the underlying processes leading to NB formation. This question is investigated next by means of mathematical modelling.
A mathematical model of NB formation
In this section we hypothesize the formation process of NBs and use statistical physics to derive expressions describing the measured distributions. By comparison of the key features of these distributions with the experimentally derived ones, we deduce which processes are compatible with NB formation and which are not.
We first make some simplifying assumptions. Since gene expression involves a large number of steps, it is typically considered to be much slower than direct protein-protein interactions [26] and hence a reasonable assumption is that light-activated dimers are immediately available in both the cytoplasm and nucleus. Next we assume that NBs are formed solely of active phyB dimer molecules and each NB can grow and shrink by binding and unbinding single active phyB molecules (those in the P fr state induced by light-activation). Hence we shall refer to an active phyB molecule as the fundamental building block. The reaction scheme underlying the aforementioned processes is given by:
where S 1 is the fundamental building block and S m is a complex composed of m building blocks. All species described reside in the nucleus. The first reversible reaction describes the transport of the building block from the cytoplasm to the nucleus with rate k in and from the nucleus to the cytoplasm with rate k out ; transport occurs via diffusion and active transport mechanisms. The rest of the reactions describe the growing and shrinking of complexes by one building block at a time, where a complex S i is equated with a NB composed of i building blocks. The reaction rates k m ± generally depend on the size of the NBs. Specifically we assume a power law form for the rates:
(2) If we assume that the NB and the building blocks are rigid spherical particles and that they diffuse in the nucleus then, from Smoluchowski's theory of reaction rates, the association rates are volume independent for reaction-limited kinetics (implying α = 0) and proportional to the radius of the NB (implying α = 1/3 since m is proportional to the volume of the NB) for diffusion-limited kinetics [27] . Dissociation could occur by a building block dissociating from anywhere in the volume of the NB (implying β = 1) or perhaps only from the surface of the NB (implying β = 2/3). Generally α and β depend on the shape and rigidity of the NB, number and location of preferential binding sites as well as on the physics governing the association and dissociation processes. Such detailed information about NBs is presently unavailable and hence we shall leave α and β general. The parameters a and b are the association and dissociation rates having the standard units Since the late phyB NBs which we are modelling, are stable under constant experimental conditions [13, 25] , we will be deriving expressions for the number and size distributions of the NBs in steady-state conditions.
We start by stating a general result. Consider a general chemical reaction system involving N species and composed of reversible reactions such that: 
where j is a reaction index varying from 1 to the total number of reactions R, X i denotes the ith chemical species and s ij and r ij are the integer stoichiometric coefficients. Say this chemical reaction system occurs in some reaction volume Ω and that there are A chemical conservation laws of the form:
where n i is the number of molecules of species X i , and the c's and M's are some time-independent constants. The chemical master equation provides a rigorous description of the well-mixed stochastic dynamics of the reaction system. Specifically it describes the time-evolution of the probability distribution of states of the system [28] . Van Kampen showed [29] that the steady-state solution of the chemical master equation for the general chemical system above is given by a Poisson distribution constrained by the existing chemical conservation laws:
(5) This equilibrium solution exists provided the following condition from the law of mass action is fulfilled for each reversible pair of reactions:
This result can also be extended to the spatial case [30] but here we shall use the non-spatial version for simplicity, i.e. assuming well-mixed conditions inside the nucleus. Now we can apply the general result above to the reaction scheme (1) that we previously proposed as a simple model of NB formation. This reaction scheme is purely composed of reversible reactions and hence is a specific case of the general reaction scheme (3). It can be easily verified from the rate equations that because of the reaction modelling the input and output of S 1 (to and from the nucleus) our reaction scheme (1) has no associated chemical conservation laws. Thus it follows by equation (5) that the steady-state solution of the chemical master equation describing our simple model of NB formation is a Poisson distribution given by:
where P( n) is the probability of observing the state n = (n 1 , n 2 , ...), i.e. is the probability of observing n 1 NBs composed of one building block, n 2 NBs composed of two building blocks, etc. Note that the index j in the above equation can take values to infinity because there is, in principle, no limit to the size of an NB attained through the one-by-one binding process described by scheme (1). It then follows that equation (6) for the NB formation process is given by:
where we used equation (2) . Solving this set of equations gives us:
where δ = β − α. Substituting equation (9) in equation (7) we obtain the equilibrium NB distribution:
where we have defined the dimensionless constants K = a/(bΩ) and x = KΩk in /k out . We next use equation (10) to derive expressions for our experimental observables: the size and number distributions of NBs.
The size distribution
Experimentally we constructed the histogram in figure 2(A) by calculating the number of NBs of a specific size (using data from all nuclei) divided by the total number of NB measured from all nuclei. This corresponds to the size distribution for the NBs given by:
n m is the expectation value of the number of nuclear bodies of size m. The experimental estimator for this distribution reads:
where Z = 175 (the number of nuclei used in the experimental analysis) and n i m is the number of NBs of size m in nucleus i. Using equation (10) we find for the frequency distribution of the NB size:
where N s is the expectation of the total number of NBs in a nucleus. Since we observed that NBs are rather large and consist of millions of proteins, we approximate the factorial in equation (13) using the Stirling approximation leading to:
Finally we change from the distribution over m to a distribution over the volume of the NB (V) since the latter is experimentally observable. We assume that . Hence the volume distribution is given by:
where ∆ = (α + β)/2 and γ = ln(x).
The number distribution
The number distribution Ξ T (N s ) accounts for the probability to observe a given number N s NBs:
where δ i,j denotes the Kronecker function (δ i,j = 1 for i = j and δ i,j = 0 otherwise). The easiest manner to include the constraint is to use the generating function method, as follows.
One defines the generating function as
Ns Ξ T (N s ) which simplifies to:
Here we used the fact that P( n) (see equation (7)) can be written as a product of exponentials P 1 (n 1 )P 2 (n 2 )...
Transforming back to the number distribution one finally obtains:
which is a Poissonian distribution with mean N s .
Estimating association and dissociation parameters from experimental measurements
We fit the experimental data using the distributions given by equations (15) and (18) . The unknown parameters were estimated using maximum likelihood methods [32] , as follows. Fitting equation (18) to the experimentally measured number distribution we obtained an estimate for N s . Fitting equation (15) to the experimentally measured volume distribution we obtained estimates for δ, Δ, γ and the product K N s using ν = 0.64 and V 0 = 2.7× 10 −7 μm 3 . Using the estimate for N s we then obtained an estimate for K. For the maximum likelihood we used the fitdistr of the MASS package implemented in R [33] . For estimation of the error bounds we used standard uncertainty propagation [34] . The average number of fundamental building blocks (phyB dimers) per NB denoted as m can then be computed from equation (13) . The resulting estimated parameter values are given in table 1.
The association and dissociation rates a and b, respectively, cannot be estimated directly from the distributions. However, from previous experiments we estimated that the average dissociation rate from NBs is k m − = (1.51 ± 0.203) min −1 [24] . This approximation is likely to be an upper limit, depending on the form of phyB Pfr-containing dimers [23] . From this we can estimate b: . Using an estimate for the reaction volume, i.e. the volume of the nucleus of Arabidopsis thaliana (Ω = 32 ± 3 µm 3 [35] ), we obtain an estimate for the unscaled association rate in standard units: a = (4.0 ± 0.4) × 10 15 /(Mmin). Given the estimated parameter values, the corresponding distributions are shown as red solid lines in figure 3.
Discussion
In this study we have, for the first time, presented distributions for the size and number of phyBcontaining NBs within plant nuclei under red light (see figure 2) . By fitting the experimentally measured frequency distributions (figure 3) using equations derived from our simplified mathematical model of phyB nuclear translocation and NB formation (equations (15) and (18)), we have estimated several parameters associated with NB formation (table 1) .
These estimates enable us to make the important conclusion that the experimental data is not Table 1 . Estimated parameters from experimental data using maximum likelihood and the analytical size and number distribution given by equations (15) and (18) . The estimation for a and b is based on the estimation of K and a previous measurement of the dissociation rate using FRAP [24] (see text). consistent with NBs being formed of fundamental building blocks composed of a phyB dimer and that the process leading to NB formation cannot be simply binding-unbinding. The detailed reasoning follows. The fundamental building block cannot be a phyB dimer because then our theory estimates about a million of them on average in each NB ( m ∼ 10 6 ) whereas it is known that on average plant cells have at most a few tens of thousands of phyB dimers [36] . The process cannot be simple binding-unbinding because the estimated association rate a ∼ 10 15 /(Mmin) needed to build the NBs is two orders of magnitudes larger than the fastest known protein association rates, which is of the order of 10 13 /(Mmin) [37, 38] . A way around these two difficulties is as follows. Let us assume that the fundamental building units are considerably larger than a phytochrome dimer, that the interactions are still of the simple bindingunbinding type and that each NB is a random closepacked structure of the fundamental building blocks. If the fundamental building blocks are particles with approximate radius 86 nm, one finds for the association rate a ∼ 10 12 /(Mmin) which is in the range of observed binding constants [37, 38] . This suggests that NB formation consists of two steps: an (so far) unobserved fast nucleation step leading to the formation of macroparticles with approximate radius 86 nm, and a slow step in which the large NBs form due to binding of these macroparticles (similar to an Ostwald ripening mechanism [39] ). There are at least two possibilities for how the macroparticles are formed in the first nucleation step: (i) phyB dimers aggregate into these macroparticles, and (ii) phyB dimers associate with other proteins to form the macroparticles. This is consistent with the fact that a number of different proteins have been found to co-localize within phyB-containing NBs, including PHYTOCHROME INTERACT-ING FACTORs, HEMERA, and cry2 [12, 19, 20, 40] . The two step NB formation process can be obtained by particular parameter choices and a generalisation of our reaction scheme (1) where we now allow reactions between complexes of size i and j to form a complex of size i + j.
Another possibility is that the NBs internal structure is not well approximated by random close-packing (as we have assumed thus far). For example they could be mostly hollow and/or the phytochromes bind to a so far unknown molecular structure. This would result in a substantially reduced number of phytochrome molecules per NB. This model of plant NB structure, whereby proteins are observed on the surface of the NBs, fits well with current ideas from other fields [2] . In these studies, the components that are internalised within NBs are referred to as 'seed' molecules, e.g. RNA and chromatin, and are thought to aid regulation of stress responses and coordinate cellular dynamics in changing environments [1] [2] [3] 41] .
In conclusion, our findings indicate that the late phyB NBs cannot be formed by a simple binding process between phyB molecules. More detailed, microscopic studies will be required to elucidate the exact structure of phyB NBs and their constituent components in planta. Future research should aim to obtain a better understanding of the dynamics of NB formation and of the components co-existing within phyB NBs. This may help to elucidate whether these bodies function as transcriptional regulators, are important for protein sequestration/degradation, or a combination of the two to regulate plant development under changing environmental conditions. (15) and (18), respectively. The estimated best fit parameters used for the analytical distributions are given in table 1.
